This study investigates forced nonlinear vibrations of a simply supported Euler-Bernoulli beam on a nonlinear elastic foundation with quadratic and cubic nonlinearities. Applying the homotopy analysis method (HAM) to the spatially discretized governing equation, we derive novel analytical solutions and discuss their convergence to present nonlinear frequency responses with varying contributions of the nonlinearity coefficients. A comparison with numerical solutions is conducted and nonlinear time responses and phase planes are compared to the results from linear beam theory. The study demonstrates that apart from nonlinear problems of free vibrations, HAM is equally capable of solving strongly nonlinear problems of forced vibrations.
Introduction
Nonlinear vibrations of a simply supported Euler-Bernoulli beam on a nonlinear elastic foundation with distributed quadratic and cubic nonlinearities subject to harmonic excitation are, in nondimensional form, governed by (Abe, where w is the displacement of the beam, µ is the viscous damping coefficient, α 2 and α 3 are the quadratic and cubic nonlinearity coefficients, respectively, and F (x) and Ω are the distribution and frequency of the harmonic load, respectively. Abe (2006) provided numerical solutions for the cases of primary resonance and subharmonic resonance of the order one-half by means of the finite difference and shooting method, the first applied directly to Eqs. (1.1) and (1.2) and the latter to their spatially discretized form using the Galerkin method. He concluded that the Galerkin discretization yields more accurate results than the direct approach. Considering only small amplitude vibrations, he also obtained perturbative approximate solutions using the method of multiple scales (MMS) (Nayfeh and Mook, 1979 ) applied directly to Eq. (1.1) modeled as a weakly nonlinear system involving small perturbation parameters. However, Abe et al. (1998 Abe et al. ( ,a,b,c, 2000 showed that for the direct approach it is unlikely to obtain highly accurate solutions as it is not possible to define a detuning parameter in the quadratic form between the natural and the excitation frequency.
The present work provides accurate analytical solutions to Eqs. (1.1) and (1.2) using the homotopy analysis method (HAM) introduced by Liao (Liao, 1992 (Liao, , 1995 (Liao, , 2003 (Liao, , 2004 (Liao, , 2009 (Liao, , 2012 Liao and Cheung, 1998; Liao and Tan, 2007) to investigate the case when the excitation frequency is close to the natural frequency of the fundamental mode. Making no use of small or large parameters, this method allows us to consider the general nonlinear distributed-parameter system for small as well as large amplitude vibrations. Thus it overcomes the requirement for the MMS to model the problem as a weakly nonlinear system involving only small finite amplitudes. To ensure accurate results, we reduce the governing equation to an ordinary nonlinear differential equation with the Galerkin method before applying HAM. For the convergence analysis of the obtained analytical solutions, we plot the so-called h-curves for higher-order approximations and achieve the optimal value of h by minimizing the square residual of the governing equation for a chosen order of the approximation. We verify our higher-order solutions by comparison with numerical solutions given by the fourth-order Runge-Kutta method. Demonstrating how powerful a first-order approximation of HAM already is, we derive explicit closed-form solutions of the mean of motion, amplitude and phase of the generalized coordinate to present frequency response curves for various values of the quadratic and cubic nonlinearity coefficients addressing the cases of softening-and hardening-type behavior. Moreover, we compare the nonlinear time responses and their respective phase planes for different values of the quadratic nonlinearities to the results from linear beam theory.
HAM has seen extensive successful applications to highly nonlinear problems in science and engineering (Wen and Ray and Sahoo, 2015) . Previous applications of HAM have been mainly devoted to nonlinear differential equations of free vibratory continuous systems. As seen in Eq. (1.1), the important case of forced nonlinear vibrations of a damped system involving cubic and quadratic nonlinearities, where the mean of motion cannot be disregarded, poses a greater challenge with respect to finding analytical solutions and understanding nonlinear behavior. Our results provide an example, applicable to other beam models and boundary conditions, of a forced nonlinear vibratory system in which HAM yields accurate convergent solutions for all values of the relevant parameters.
Governing differential equation
The model is discretized by the Galerkin method with w(x, t) = W (t)φ(x), where φ(x) = √ 2 sin(πx) is the normalized eigenfunction of the fundamental mode and W (t), the corresponding time-dependent amplitude, is the generalized coordinate. Thus, governing equation (1.1) is reduced to the nonlinear ordinary differential equation
and without loss of generality subject to the initial conditions
where ω = π 2 is the normalized natural frequency of the fundamental mode, f = 1 0 F (x)φ(x) dx is the first modal force, A is an unknown amplitude and δ = (1/T ) T 0 W (t) dt is the mean of motion being generally nonzero for oscillations with the quadratic nonlinearity. The dot represents differentiation with respect to time t. Note that, for convenience and without loss of generality, we introduce the phase angle ϕ in the expression of the harmonic load as a quantity to be determined.
Defining the variables
and inserting them into Eqs. (2.1) and (2.2), we obtain
subject to the initial conditions
with the constants f 1 and f 2 satisfying
Homotopy analysis method
The homotopy analysis method is a nonperturbative analytical technique for solving nonlinear differential equations. By means of an embedding parameter ranging from zero to one, it transforms a nonlinear differential equation into an infinite number of linear differential equations and derives a family of solution series. The periodic solution to Eq. (2.4) can be expressed by a set of base functions
such that
where α k and β k are coefficients to be determined. We choose the initial guess as
which satisfies the initial conditions of Eq. (2.5). To ensure the rule of solution expression given by Eq. (3.2), we choose the linear operator to be
with the property
where C 1 and C 2 are constants of integration. According to Eq. (2.4), we define the nonlinear operator
where q ∈ [0, 1] is the embedding parameter, φ(τ, q) is a function of τ and q, Λ(q) and ∆(q) are functions of q. The zeroth-order deformation equation is given by
where h = 0 is the convergence-control parameter and H(τ ) a nonzero auxiliary function. For q = 0 and q = 1 we have
Thus, the function φ(τ, q) varies from the initial guess V 0 (τ ) to the desired solution as q varies from 0 to 1. The Taylor expansions of φ(τ, q), Λ(q) and ∆(q) with respect to q are
where
Choosing properly the auxiliary function H(τ ) and the convergence-control parameter h, the series in Eqs. (3.9) converge when q = 1, such that
Differentiating zeroth-order equation (3.7) m times with respect to q, dividing it by m! and setting q = 0, the m-th order deformation equation is obtained as
and
For the nonzero auxiliary function to obey the rule of solution expression and the rule of coefficient ergodicity, we choose it to be
where κ is an integer. It can be determined uniquely as H(τ ) = 1. According to the property of the linear operator, if the terms sin τ and cos τ exist in R m , the secular terms τ cos τ and τ sin τ will appear in the final solution, therefore c m,1 and d m,1 have to be equal to zero. Moreover, if C m,0 = 0, a constant term will appear in the final solution violating the rule of solution expression, thus it must be set to zero.
The general solution to Eq. (3.12) for m 1 is derived to be
where C 1 and C 2 need to be determined by the initial conditions in Eq. (3.13).
For the first-order approximation (m=1) we obtain from Eq. (3.15)
Enforcing the constant term and the coefficients of sin τ and cos τ to be equal to zero, and using the conditions in Eq. (2.6), we obtain steady state solutions of the mean of motion δ 0 , the amplitude A 0 and the phase ϕ, respectively, as
with
Finally, solving the first-order deformation equation of Eq. (3.12), the general solution is
where the constants C 1 and C 2 are obtained from the initial conditions in Eq. (3.13). Thus, with Eqs. (3.11), the first-order approximation of W (t) becomes 
Convergence of HAM solution
Applying HAM to a nonlinear problem results in a family of solution series which depend on the convergence-control parameter h. In order to ensure the convergence and rate of the approximation for the HAM solution, valid convergence regions for the auxiliary parameter h need to be obtained. By means of plotting h-curves this can be achieved and thus a convergent solution series is guaranteed. Since a valid region comprises a range of possible values of h, the optimal choice is obtained by minimizing the square residual of the governing equation for a given order of the approximation. For this, we consider the Nth-order approximations of Eqs. (3.11) given by
Inserting Eqs. (4.1)-(4.3) into Eq. (3.6) with q = 1, we can define the square residual error for the N -th order approximation as
The solution series is convergent when e N (h) → 0 as N → ∞. The optimal value of h for a given order N of the approximation is obtained by the solution of the algebraic equation
It is to be noted that the calculation for each order is done separately and not iteratively. Figure 1 shows the effect of the auxiliary parameter on the solution convergence for higher--order approximations. The valid region is characterized by the flat portion which is common to all h-curves displayed. The corresponding optimal values of h for varying values of the cubic nonlinearity coefficient α 3 are presented in Table 1 using the software Mathematica.
Discussion of results
A simply supported Euler-Bernoulli beam resting on a nonlinear elastic foundation with quadratic and cubic nonlinearities is considered. First, higher-order approximations from the general solution in Eq. (3.17), obtained with the software Mathematica, are compared to numerical results. Secondly, considering the first-order approximation of HAM, the frequency response curves of the amplitude obtained in Eq. (3.20) 1 are presented for different values of the quadratic and cubic nonlinearity coefficients. Moreover, the nonlinear time response curves and phase planes are compared to the results from linear beam theory showing the effect of these nonlinearities upon the distributed-parameter system.
In Fig. 2 , the accuracy of nonlinear time responses obtained by a sixth-order HAM approximation for α 2 = 5 is validated by comparison with the numerical results achieved by the fourth-order Runge-Kutta method for varying values of α 3 and the corresponding optimal values of the auxiliary parameter h. There is accurate agreement between the analytical and numerical results. Fixing α 2 = 5 and α 3 = 0.5 and using the optimal values of h from Table 1 , approximations of order 2, 4, 6 and 8 are compared to numerical results (fourth-order Runge-Kutta) in Table 2 . The results show that low-order approximations by HAM agree well with numerical solutions, although by increasing the order of HAM iterations, the accuracy increases.
For the rest of this Section, we consider the first-order approximation by HAM. In Fig. 3 , we investigate the influence of the nonlinearity coefficients on the frequency response curves, that is, we show the variation of the response curves with α 2 for different values of α 3 . In Fig. 3a , as the excitation frequency Ω nears the fundamental frequency ω, the response of the system exhibits hardening-spring nonlinear characteristics due to the cubic nonlinearity. Increasing the value of α 3 , this hardening-type behavior is further increased. In the presence of both α 2 and α 3 , in Fig. 3b , the response is almost linear (for α 3 = 0.5) suggesting that the magnitude of the nonlinearities cancel each other out. Further increase of α 3 results, as in the previous case, in hardening-type behavior. Figure 3c predicts softening-as well as hardening-type responses for increasing values of α 3 demonstrating the softening effect of the quadratic nonlinearity. This transition is also evident in Fig. 3d , whereby the softening-spring effect is more pronounced. For higher values of the quadratic nonlinearity, the softening effect on the system becomes more distinctive. Investigating the impact of the quadratic nonlinearity on the distributed-parameter system we compare, in Fig. 4 , the nonlinear time responses obtained by HAM with those from linear beam theory maintaining a fixed value for α 3 and varying values of the quadratic nonlinearity coefficient α 2 . The optimal value of h is obtained by solving Eq. (4.5) for N = 1. It is evident that for lower values of α 2 there is more agreement between the linear and nonlinear time response, whereas by increasing the value of α 2 , the difference becomes considerable.
In Fig. 5 , the phase planes for both nonlinear and linear responses are presented for different values of α 2 while fixing α 3 = 0.5. With an increase in α 2 , the phase planes significantly diverge from their linear counterparts emphasizing the effect of the quadratic nonlinearity term on the system when the excitation frequency is close to the natural frequency of the fundamental mode.
It should be noted that the analysis presented in this study can be expanded to predict beam responses for different boundary conditions. To this end, the mode shape φ(x) satisfying the boundary conditions at both ends should be inserted into w(x, t) = W (t)φ(x) for the spatial discretization by the Galerkin method. The solutions can then be derived analogously with the methodology described in Section 3.
Conclusion
The present study provides analytical solutions to forced nonlinear vibrations of a simply supported Euler-Bernoulli beam resting on a nonlinear elastic foundation with quadratic and cubic nonlinearities using the homotopy analysis method. The convergence of the solution has been investigated by optimizing the value of the auxiliary convergence-control parameter h. Using the optimal values of h, higher-order solutions by HAM have been compared to numerical results demonstrating the effectiveness of the method for low-order approximations and varying values of the cubic nonlinearity. The derived closed-form solution of the amplitude yields frequency response curves for various values of the quadratic and cubic nonlinearity coefficients presenting their softening-/hardening-type effect on the distributed-parameter system. Phase planes and nonlinear time response curves illustrate the considerable difference with respect to the results from linear beam theory for various values of the quadratic nonlinearity coefficient. The findings reveal that HAM is a general solution method that can successfully address highly nonlinear problems of forced vibrations.
